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This paper describes the model used to estimate the parameters of caffeine-AMP interactious from corresponding ' H-NMR
measurements and some methods of data analysis by which the applicability of the model has been checked. The model of
mixed association is applicable to a mixture of any two substances A and C which exhibit indefinite aggregates in both
self-association and mixed association. In aggregates, only nearest neighbour interaction is assumed. The model is de:cribed by
three equilibrium constants: K, , and K (for self-association of A, or C, respectively), and X, (for mixed association).

1. Introduction

In order to obtain some insight into the mecha-
nism of interaction of cafieine with the adenine
bases of DNA, 'TH-NMR studies of caffeine with
adenosine monophosphate (AMP) have been per-
formed [2]). The protons involved are shown in fig.
1. The final aim of these studies was the derivation
of structural models.

In NMR spectroscopy of interacting systems
with a fast exchange of molecules between differ-
ent states, the chemical shifts of a substance are
weight-averaged means of the chemical shifts of
this substance in its pure states. The extent to
which the chemical shifts are modified by interac-
tion is described by so-called interaction shifts.
Their values for any proton involved in NMR
measurement reflect the mutual arrangem=nt of
molecules in the aggregates. Comparison with in-
teraction shifts calculated in a semi-empirical
manner on the basis of the ring-curren: model

* This paper and the following one [1}] are theoretical counter-
parts to a paper [2] published in this journal.
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leads to structural models [2]. As a rule, fo1 experi-
mental reasons it is impossible to obtain NMR
spectra of the pure states. Therefore, we need to
know the relationship between the chemical shifts
on the one hand and the interactior shifts and
concentration fractions of appropriate pure states
on the other. This will be described in section 2.
The concentration fractions of the states are
unknown in experiments. The total concentrations
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Fig. 1. The structural formulas of AMP and caffeine with the
proton positions indicated that are involved in "H-NMR mua-
surements. The assignment of number j to proton positions
corresponds to the sequence in which the columns are arranged
in tables 1 ang 3.
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of the substances are known primarily. Therefore,
we need a thermodynamical model, with the aid of
which we can calculate state concentrations as
functions of total substance concentrations and
equilibrium constants. An approximate formu-
lation of the model of indefinite two-component
mixed association 1s given by Héléne and Dimicoli
[3]. Under the experimental conditions described
in ref. 2. however, the assumption underlying this
approximation is not fulfilled: We cannot assume
that in all measured solutions. only a single AMP
(or caffeine) molecule is present in each aggregate.
Neither is the model of Von Tscharner and Schwarz
[12} general to a sufficient extent to evalaate the
present data. In section 3 we give exact formulas
for our general model.

The whole model can be constructed from the
formulas of sections 2 and 3. It describes the
dependence of the measurable chemical shifts on
the total concentrations and on the parameters,
1.e., on the interaction shifts and the equilibrium
constants. To estimate the parameters and the
parameter errors. it is necessary to use a non-linear
fitting programme and to formulate a subroutine
for this programme on the basis of sections 2 and
3 as a model-specific part. Some computational
aspects are aiso described in section 2. It is a
matter of convenience in programming to subdi-
vide the model-specific part of the programme
into; (a) a subroutine related to the experimental
method; and (b) a subroutine related to the inter-
acting system studied.

Subroutine a defines system components (con-
centration fractions) and describes the dependence

Table 1

Measured 'HMR frequencies of solutions of Caffeine and AMP

of the measured quantity (chemical shift) on these
system components and Oon measurement parame-
ters (interaction shifts). Subroutine b describes the
dependence of the system components on indepen-
dent variables (total concentrations) and on the
system parameters (equilibrium constants). In this
sense, section 2 deals with subroutine a and sec-
tion 3 with subroutine b.

In section 4 some apparent properties of the
model are discussed. Some justification for the
choice of system components in section 2 comes
from the matrix rank analysis of the data. Nor-
mally matrix rank analysis is applied to optical
spectroscopy. The applicability of the matrix rank
analysis and particularities of its application to
NMR spectra are discussed in the appendix.

2. Connection between the chemical shifts and the
system components

The goal of this section is to present the for-
mulas necessary for the numerical procedure of
the estimation of parameters, especially of the
interactions shifts.

A method helpful in determining an adequate
model from a set of spectroscopic data is matrix
rank analysis. As described in the appendix, its
application to a set of NMR spectra obtained
during titration of caffeine-AMP mixed associa-
tion and shown in table 1 yields a rank of 3 for
both the chemical shifts of AMP protons alone
and of caffeine protons alone, whereas for the
total matrix the rank is 5. For self-association of

Matrix §,, of the original test data of AMP-caffeine mixed association. The columns refer to the proton signals specified in fig. 1, and
each ~ow corresponds to a spectrum for the concentration ¢, indicated. ¢, was kept fixed at 0.13 M in each spectrum. The numbers
of the third column are averaged values of the doublet frequencies. Measurements by Fritzsche et al. {2].

i (M) HBA H2A HT'A H3C H7C H3C HI1C

0 787.6 3878 339.2 3224
0.02 8545 R05.5 6004 785.5 3864 3379 321.5
n.05 8354.4 805.5 601.2 783.3 385.1 336.7 3209
0.10 83539 804.0 601.75 780.2 3834 335.1 3201
0.15 853.2 802.2 601.65 777.9 3819 3335 3191
0.20 852.5 §00.9 601.9 T776.0 380.9 3324 3185
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AMP as well as of caffeine, matrix rank analysis
results in a rank of 2. In each case, the rank
corresponds to the number of system components.
Their identification is a matter of subsequent
physical interpretation. As outlined in the appen-
dix, these rank figures strongly suggest the intro-
duction of the isolated states A and C and nearest
neighbour interaction states AA, CC, AC as sys-
tem components. These results further suggest for
mixed association the following compositions of
the chemical shifts of AMP protons (A protons)
and of caffeine protons (C protons), containing
three system components individually but five to-
gether. For A protons, i.e., for j=1-3 (cf. fig. 1)

(8_/1 )A = 8].:\ + 2AS].AACAA.1/C/(-\J + AS].ACCAC.I/C/IA.:
1)

and for C protons, i.e., for j =4-7
(8/,)c =8, c +248; ccecc./Ce.i + A8 caCen i /Co s
(2)
These expressions constitute the transposed matrix
as compared to that of table 1, which has the same
rank, of course. The subscript i enumerates the
titration steps or the spectra. c,,, Cec and c - =
cca are the concentrations of AA, CC and AC
neighbours, respectively. ¢, and ct are the total
concentration of A and of C, respectively. §, 4 and
8, ¢ denote the chemical shifts of isolated A and C.
The factor of 2 in eq. 1 describes the assumption
that each of the two As in AA pairs with con-
centration c,, contributes its interaction shift
A, sa- A similar explanation holds true for eq. 2.
For self-association, it is more convenient to
refer to single molecules in aggregates rather than
to molecule pairs as in eqs. 1 and 2 and to dis-
tinguish between inner and outer molecules in
aggregates with concentrations c,;, and c_,, respec-
tively (refer to ref. 1). Inner molecules having two
neighbours will experience twice as much nearest
neighbour interaction chemical shift 4§ ,, or
A48; o, respectively, compared with outer mole-
cules having one neighbour, and the measured
signal for self-association is
8= 6j.isol + Asj(cou:,i/"'; + Zcin.i/c;) 3)

7

This expression contains only two independent

system components, corresponding to a rank of 2.
The expression in parentheses is equal to twice the
relative concentration of molecule pairs in eq. 1 or
2, respectively.

For parameter estimation we ased the criterion
of least squares. Best values for the parameters are
those, for which

é T(8,—(8.).) + i S (8.-(5.).) (4

=4 i

is at a minimum. (§;), and (§,)c have to be
substituted by the right-hand sides of eqs. 1 and 2,
respectively; 8§, terms are the measured chemical
shifts. For the calculation we used our general
programme for non-linear regression on ALAU
minicomputers [4] (H. Schitz, unpublished result),
which runs reliably even with roughly guessed
initial parameter values. Furthermore, we had at
our disposal a general subroutine for spectroscopic
measurements, MST [4] (measuremient by spectros-
copy of titrations), as subroutine a. The basic
assumption is described by formula eq. Al in the
appendix. Measurements performed at any num-
ber of wavelengths may be evaluated for a system
containing any number of components. By com-
parison of eq. A1 with eq. A3 it becomes clear that
MST can also be used for the model described by
egs. 1 and 2. According to egs. 1 and 2 the
chemical shift of each proton is a homogeneous
linear function of the measurement parameters
(9, As A8 pn. A48, 5c for j=1-3 or 8, A8,
A8, o for j=4-7). We needed further a sub-
routine, which calculates c,,/ch. cac/Ch, Ccc/ch
and cea/ct (the system components) and its de-
rivatives by the thermodynamic parameters for
each mixture of AMP and caffeine measured, as
subroutine b. The formula basis of this subroutine
is given in the next section, in which the thermody-
namical model is treated.

3. Dependence of the system components on model
parameters

The thermodynamical modei of mixed associa-
tion described below is a generalization of the type
I SEK model in terms of ref. 5 or of the isodesmic
model of self-association in ref. 6.
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Fig. 2. The representation of a particular oligomer state in AC
mixed association (as an example). with its statistical weight
indicated.
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3.1. Introduction of statistical weights

In terms of statistical thermodynamics, statisti-
cal weights of any oligomer state in mixed associa-
tion have to be introduced. Because of their rela-
tive character the statistical weights may be identi-
fi=d with the respective concentrations. The statis-
tical weight of any oligomer contains: (1) a factor
¢, for each A; (2) a factor ¢ for each C; (3) a
factor K,, for each AA neighbourhood; (4) a
factor K. for each CC neighbourhood; (5) a
factor K, for each AC neighbourhood.

Fig. 2 shows an example. ¢, and ¢ denote the
concentration of isolated A\ and isolated C mole-
cules, respectively, in solution. K, 5, K¢ and K,
are the system parameters and denote the nearest
neighbour equilibrium constants of association of
A with A, C with C an.1 A with C, respectively.

Distinction betwsen K, and K., would force
distinction to be made between ¢, and ¢, which
contradicts the results of matrix rank analysis.
More precisely speaking, neither eq. 1 nor eq. 2
may comain more than three system components.
Undoubtedly, in eq. 1 ¢, could be replaced by
Cac +Ccn and in ea. 2 ¢4 bY ¢y + coc- However,
as seen from eqs. 13, 11 and its derivation, the
partition function Z of the generalized model
wvould depend symmetrically on K, anG K, as
would any logarithinic derivative and, conse-
quently. any system component concentration.
Therefore, even if K, ~# K., their estimation
from experimental data would not be unique be-
cause exchange of these parameters leads to an
equally good representation.

The restriction to nearest neighbour interaction
in the interaction model of mixed association is
not a cogent assumption. However, as only nearest
neighbour systein components may be dis-
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tinguished, the evaluability of long-range associa-
tion constants by curve fitting would be doubtful.

3.2. The derivation of balance equations

Pure A aggregates of length i have the con-
centration

KiR'eh 5)
A aggregates of length / with C borders of any

length (zero length inclusively) at both ends have
altogether the concentration

KiReh (1 + Kycce + KpcKeccd + ... )2

G Bast )2 6)

=17
A Call+
( 1—-Kceee

These A aggregates, additionally with i —1 C in-
sertions of any length (zero length inclusively),
have altogether the concentration

2
Kacece )

—_ =1 i
ca,.=Kia CA(l + 1= Koo

K ~—1
14+ 2%+ SAS K 2+ ...
( KAA C KAA ccle ™

Kacec :
1 — Kecec

1 ) )

= K,'\;lc,',‘(l +

<11+ AC c
( K., “1
Now, obviously, the total concentration of A

molecules in solution is given by the balance equa-
tion

— Kecee

i : Z K.—l i ( Kacec )2
= ic,,= c —_—
~ ot - aln Ca [y AATA 1 - Kecce
Kic 1 -1
X114+ c (8
( X..°°1 —chcc) )

After some rearrangements the result is

2 2
caccKic )

=c |1 —c Ks\—
Ga CA( Callan 1— Kecco

AC_CS_Y:() (9)

_CA(l N 1~ Kccee
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which may be resolved for c,. Corresponding rela-
tions exist for caffeine, leading to G- = 0. Setting
K,-=0 leads to the well known expression for
isodesmic self-association [7}

ct=c/(1 — Kc)® (10)

The algorithm for obtaining the solution
(ca. c¢) of the system of implicit equations G, =0
and G- =0 for given values of K, ., Kcc and K¢
is analogous to that described in the appendix of
ref. 1.

3.3. The concentrations of system components

With the solution (c,, ¢c) being known, the
relative system component concentrations may be
calculated. They will now be derived using the
partition function Z of the system.

Z is obtained by adding the statistical weights
of all the states possible to a mixed oligomer.
Those states containing at least one A molecule
are comprised by

S er = 5 K1+

i=1 F=1

KacCc 2
1— Kccee

KAA(l ~ Kecee)

The statistical weights of pure C aggregates

2 —1
x (1 + Kacee ) (11)

— i—1 i __ Cc
i; KCC Cc 1 _chcc (12)

must be supplied to obtain

_ ‘% (13)

z= Z At 1— Kecce

i=1

After some transformations the result is

catcc— caCc{Kan — 2K+ ch)

Z = ” 5
1 —(caKan+ccKee) + CA‘-‘C(KAAKCC - KAC)

(14)

As expected, Z is symmetrical in A and C.

By the rules of partition function formalism, the
average number of AA pairs per aggregate is given
by dIn Z/3 In K, ., and the average number of As

per aggregate by 9 In Z/8 In c4.
Thus, the relative concentration ¢, , /cj in €q. 1
is given by
Caa_ O9InZ ,3InZ
¢, 9dInKaa” dlncy

= KanCa (15)
provided interaction between oligomers in solution
is neglected. The remaining relative concentrations
are:

dInZ
dIncy

CaC _

_ 0IlnZ
cih 3In K,c

_ 2cKac(1 + ca(Kac— Kan))

(16)
(1 +cc(Kac— ch))
cce  dInZ ,3InZ :
.~ dlmKec” dlnce  Kecte an
Cac_ 3InZ ,3InZ
ce dInK,c” 9lncc
_ 2¢c,Kac(1 + cc(Xac— Kce)) (18)

(1 tea(Kac— KAA))

An independent combinatorial reasoning yielded
the same results. For seif-association, the number
of oligomer ends is twice the number of oligomers
having ends. Therefore,

- 2Kc?
=2 =l 0
Com EZK =1k (19)
2Kc? K3

Cn=C"—c— (20)

1-Ke 11 - Kc)®

By inserting eqs. 15-18 into eqs. 1 and 2 (or for
self-association egs. 10, 19 and 20 into eq. 3), the
connection between NMR signals and parameters
is established. It is linear for chemical shifts §; 4
and 8, - and interaction shifts A8, 45, A8; Ac» 48, cc
and A48; ¢4, but non-linear for K5, K¢ and K,
By virtue of the balance equations, c, as well as c¢
are functions of each of the parameters K ,, K¢
and K,.. When forming the derivatives of egs.
15-18 by these parameters, one has to pay atten-
tion to this fact. The derivatives are needed in our
general programine for non-linear regression be-
cause it is based on the GAUSS-NEWTON algo-
rithm.
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4. Discussion of the model behaviour

Parameter estirnation was done on the basis of
data displayed in fig. 1a of ref. 2. K, 5, A8, o+, K¢
and A§, - were obtained from self-association in-
vestigations of AMP and caffeine, respectively (ta-
ble of ref. 2). After some gauging procedure the
corresponding values of §, , and §; - were obtained
from the same self-association resuits. Ail these
values were kept fixed. The minimum of eq. 4 was
sought with respect to K, and all 4§, ,. and
A8, A- The results are shown in table 2 (already
given in ref. 2). Fig. 1a of ref. 2 shows the fitted
crves.

Once the system parameter values are known,
the cuives of system component concentrations vs.
ci. with ci- kept fixed at 0.13 M, may be con-
structed. Fig. 3 shows the corresponding plot. (The
concentration range of ¢} is the same as in fig. 1a
of ref. 2.)

Fiz. 3 shows the behaviour of the caffeine-AMP
systcm at a fixed caffeine concentration and in-
creasing concentrations of AMP. Initially, there is
only tie self-association of caffeine. We recognize
the finite initial values of free caffeine concentra-
tions and of CC neighbourhood frequenciss. On
addition of AMP, AC neighbourhoods are iormed
increasingly and. therefore, both ¢~ and ¢ de-
crease and ¢, 'ncreases, absolutely as well as
relatively to caffeine (the total caffeine ¢ con-
centration being constanrt). Initially, ¢, and ¢}, are
prceportional to one another, as ne c ¢ and c o
as well as ¢, , and ¢2. For this reason, c,./c', has

Table 2

ost

cptm?

a0s Q0 015 o020

Fig. 3. The curves of the relative system component concentra-
tions (eys. 15-18) vs. ci for the system parameter values
estimated. Ko =1.6TM ™ L K =106 M~ L Koc =7.25M7 1,
with ¢t kept fixed at 0.13 M (refer to table 2). caa/ck.
Cac/Ca- Coc /€e- Cac /ey 10ca. 10¢cc.

a finite value at ¢}, = 0, but c,,/c} begins from a
value of 0. Similarly, it is obvious that c,c/c} is
steadily decreasing (the concentration of free caf-
feine ¢~ becoming smaller) and that c,./ck is
increasing.

The model of mixed association applies t» any
Interacting systemn consisting of two subs.ances
forming indefinite aggregates in both self-associa-
tion and mixed association. In aggregates, nearest
neighbour interaction. exclusively, is assumed and
in mixed aggregates, any sequence of molecules of
both kinds is allowed.

Best estimates of parameter values and parameter errors (5% for A8y, ASc-. < 10% for A, . ASc,)

Parameter values estimaied of AMP-caffeine mixed association. the parameter ei.or values being indicated. (Specifications of the A

protons. y = 1-3, and of the C protons. j = 4-7, are indicated.)

Chemical shifts and interaction shifts of mixed association caffeine-AMP (ppm) Equilibrium

AMP Caffeine (Cl‘\’d“f‘f‘)“'s

H8.A H2A HI’'A HB8C H7C H3C H1C
84,8 8.642 8.296 6.163 7.914 3.983 3.564 3.385 Kaa=167+0.17
A8 n. A8 —-0.204 -0.474 —-0.144 —0.014 -0.119 —0.198 —0.181 Kce=106+1.0
A8, A8 —0.143 —0.347 —0.234 —0.183 —0.161 —0.204 —0.157 Kac=7254+1.19
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Appendix (by H. Schiitz)

Al. On the applicability of martrix rank analysis to
NMR spectra of interacting systems

In optical spectroscopy, the application of ma-
trix rank analysis to the determination of the
number of linearly independent spectroscopic
components is not uncommon [8—-11].

The absorbances are, apart from the errors,
homogeneous linear functions of the extinction
coefficients as well as of the concentrations

q
A_/.'= Z Ej.('cﬁ:rdi i=1""’n

k=1

Jj=1,....m

(A1)

where / is the index of the titration step, i.e., of the
individual spectrum, j that of wavelength, and &
that of system component. €, ¢ and d, as usual,
denote extinction coefficients, concentrations, and
path lengths, respectively.

The number of system components ¢ is the
unknown to be determined.

Eq. Al can also be expressed in a matrix nota-
tion

A=ECD (A2)

As D is a non-singular diagonal matrix (of the
path lengths), according to a theorem of matrix
calculus the rank of 4 is less than or equal to the
minimum of the ranks of E=((¢y)) and C=
((cz:))- For i kept fixed, eq. Al constitutes a set of
m linear equations for the unknowns c¢,. As is well
known, the number of ¢, terms which can be
determined is equal to the number of independent
equations, and this in turn is equal to the rank of
the matrix of the coefficients € e Of course, the
number of system components does not depend on
the titration step. Provided both the number of
wavelengths, m1, as well as the number of mixtures
spectroscopically investigated, n (i.e., the number
of cifferent spectra), are large enough (in compari-
son with the expected value of g), and if the range
of varying component concentrations among the
mixtures is sufficiently extended, the rank of A4
may be identified with the number g of spectro-
scopically discernible system components.

If there were nc errors, the rank of 4 would be
easily accessible by the Gaussian algorithm (which
physically means forming sets of difference spec-
tra). In reality, however, careful analysis of the
experimental errors is necessary to distinguish
weakly pronounced components from noise.

For different reasons, within a set of spectra in
our case an experimental error of 0.2—0.3 Hz must
be assumed. This is the order of magnitude to
which the absolutes of all the elements of the
matrix 4 must diminish after a certain number of
reduction steps if this reduced matrix is to have a
rank of zero. This number of reduction steps equals
the rank of the original matrix 4.

In the case of NMR spectroscopy, applied to
interacting systems with a fast exchange of molec-
ular states, two peculiarities have to be taken into
account.

(1) For the chemical shifts §;; an expression of
the type in egs. 1 and 2 but not of the type in eq.
A1l will be valid:

9
sjl = 8].i50‘ -+ Z Asjl\'cl\'.—/cl‘ (A3)
k=2

J counts the different protons, k the interuction
states, and / the spectra. §;;, refers to the isolated
states of A or C, ¢} =c4; for A protons and
¢} = ¢k, for C protons.

The products §,c;, however, obviously show a
structure according to eq. Al or A2, as we may
identify

Ajl = 6j:clE

Ej =80 fork=1
=48, fork>1

C,,=c fork=1 (A4)
=¢,, fork>1

D, = fori=1
= fori+1

Then, from analogous considerations to those in
eq. A2, the rank of 4 may be identified with the
number g of states (comprising interaction states
and isolated state) discernible by NMR spectros-

copy.-
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The multiplication of all the elements of a
column (i.e.. of a spectrum) by a common factor
(c!) does not influence the rank of the matrix.
Thus, the factor ¢! may be omitted as long as the
prctons of one substance are analyzed alone. (On
the other hand, factors may be used to amplify
certain spectra.) If, however, the proton signals of
different molecules (A and C in our case) have
been combined to form a spectrum, j=1, .... 7,
attention mnust be paid to the fact that the chemi-
cal shifts of the protons have to be multipiied by
the respective total concentrations (¢4 , for A pro-
tons and ¢¢-, for C protons).

(2) In contrast to optical spectroscopy. in NMR
it is not possible to measure at as many wave-
lengths as desired. The number of protons which
show an interaction shift is very limited: three A
protons and four C protons, in our case. From the
chemical shifts of A protons only a rank not
greater than 3. from those of C protons only a
rank not greater than 4. and from those of A and
C protons together a rank not greater than 7 may
be evaluated.

It is not intended to discuss here the criteria
which may be used to decide whether a matrix 4,
after having applied the Gaussian algorithm for a
certain number of times. still has a rank signifi-
cantly different from zero. At any rate, it will be a
statisiical criterion because of the experimental
ervors. Therefore, in cases of a limited number of
protons thaix may be investigated as well of a
imited variability in concentrations, methods
which allow the spectroscopic components present
to become more pronounced are especially valua-
ble.

Such a possibility arises if there are components
with previously known basic spectra which are
known to be present in the mixture. Then. one can
add these basic spectra to the set of spectra mea-
sured and apply matrix rank analysis to the whole
s.t. If. moreover. one basic spectrum is amplified
by a sufficiently large factor. the matrix rank
analysis will begin by forming the differences be-
tween this basic spectrum (containing the pivot
element) and all the other spectra. Obviously. these
differences will be larger than those between any
one of the mixture spectra and the others. This
renders the distinction of system components from

noise more significant. The effect of addition of
basic spectra is demonstrated for the present NMR
spectra of mixed association of AMP and caffeine.

Owing to the results of both AA and CC self-
association (table 1 of ref. 2), in the concentration
range indicated by table 1, isolated molecules as
well as self-associated molecules of both A and C
must be present in non-negligible fractions. Thus,
we are justified in using the chemical shifts of the
isolated molecules and the interaction shifts of
self-association of both A and C as additional
spectra in the matrix rank analysis. This is done in
table 3 which corresponds to the transposed ma-
trix of 4 in eq. A2. Note that this matrix has been
derived from table 1 by multiplying the chemical
shifts of the A protons by ¢, ,/cc,-

Al. 1. Analysis of A protons alone

Without the first row, we take columns 1-3 of
table 1 as the spectra to be investigated. As a sixth
row we add the 100-fold of the AA interaction
shifts as shown in the seventh row of table 3.
Then, we can be sure that this spectrum will be
elected by the Gaussian reduction algorithm be-
cause it contains the pivot element. As the seventh
and last spectrum we add the chemical shifts of
the isolated A. However, this spectrum has been
shifted by 0.6 Hz with respect to that given in
table 1 of ref. 2 in order to assimilate it to the
corresponding spectrum in AA self-association. It
is shown in the ninth row of table 2.

To give an idea of the influence of the basic
spectra added on the statements of the rank analy-
sis. we look at the pivot elements before the third
reduction step in the Gaussian algoritnm for the
matrices comprising columns 1-3 with rows 2-6.
2-7, and 2-7 and 9, respectively, in table 3. They
are 0.9, 2.17 and 7.0. respectively.

Unambiguously — in comparison with the error
assumed - the A spectra of the mixed association
show the full rank of 3. The significance of this
statement, however, is clearly enhanced by addi-
tion of the basic spectra.

As a result, besides the chemical shifts of the
isolated A molecules and the AA interaction shifts
one additional basic spectrum is needed for the
description of the chemical shifts of the A protons
alone in mixed association. This must be caused
by the presence of C molecules in the mixtures.
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Table 3

297

Matrix of chemical shifts, prepared for the common matrix rank analy.is of AMP protons and caffeine protons

Matrix §;; with each row multiplied by cj , /¢, for j=1-3 and supplemented by all the basic spectra of self-association both of A

and of C.

0 0 0 787.6 387.8 339.2 3224
131.46 123.92 92.37 785.5 386.4 3379 321.5
328.62 309.81 231.23 783.3 385.1 336.7 320.9
656.85 618.46 462.88 780.2 3834 335.1 320.1
984.46 925.62 694.21 777.9 381.9 3335 319.1

1311.54 1232.15 926.00 776.0 380.9 3324 3185
2035 4741 1444 0 8] 0 0

0 [4) 0 411.6 1194.4 1976.7 1812.7
864.80 830.25 616.87 90 0 0 0

0 0 0 791.06 397.94 356.22 338.14

Al1.2. Analysis of C protons alone

Analogously to section Al.1, we take columns
4-7 of table 1 and add the 100-fold of the CC
interaction shifts and the gauged basic spectrum of
isolated C, as displayed in the eight and tenth rows
of table 3.

Now, we again compare the pivot elements
before the third reduction steps of the matrices
with the first six, the first seven, and all eight
spectra, respectively, which are 0.30, 2.50 and 2.50,
respectively. Before the fourth reduction step we
find values of —0.22, —0.16 and —0.16. These
results show that by addition of the CC interaction
shifts it becomes clear that the matrix has a rank
of 3. The spectra of the mixed association alone
could ascertain only the rank of 2 because the
third and the absolute value of the fourth pivot
element (0.30, —0.22) are of the order of magni-
tude of experimental error. The addition of the
second basic spectrum no longer enhanced the
significance.

As a result, again, one and only one additional
basic spectrum is needed (besides the basic spectra
of CC self-association) for description of the
chemical shifts of the C protons in mixed associa-
tion. This must be caused by the presence of A
molecules in solution.

Al.3. Joint analysis of A and C protons

Now, the whole content of table 3 is used for
matrix rank analysis.

We again compare matrices with the first six

spectra (mixed association alone), the first eight
spectra (interaction shifts of self-association in-
cluded), and of all ten spectra. For these three
matrices, the pivot elements before the fourth re-
duction step are —0.38, 717 and 717, before the
fifth reduction step —0.16, —0.89 and 6.24, and
before the sixth reduction step —0.01, —0.12 and
—0.16.

The:3, the rank of the six-row matrix 1s perhaps
4, the rank of the eight-row matrix is probably 5,
but the rank of the full matrix is 5 and only 5.
(Note that for parameter estim.tion of mixed as-
sociation analogously the knowledge obtained from
self-association is also included.)

As a result, from sections Ai.1 and Al.2, we
know that in mixtures one additional basic spec-
trum for A protons (caused by C) and one addi-
tional basic spectrum for C protons (caused by A)
must be assumed. But for the chemical shifts of all
the protons together, besides the four spectro-
scopic species known from self-associations (iso-
lated A, AA neighbourhoods in aggregates. iso-
lated C, CC ‘neighbourhoods in aggregates) only
one additional species corresponding to one addi-
tional basic spectrum must be assumed. The sim-
plest and most satisfying assumption is the follow-
ing. The fifth spectroscopic species is an AC
neighbourhood. The corresponding basic spectrum
over all the protons is composed of the interaction
shifts of the A protons caused by one neighbour-
ing C molecule and the interaction shifts of C
protons caused by one neighbouring A molecule.
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(The A part only and the C part only, respectively,
of this basic spectrum are the basic spectra de-
manded in sections Al.1 and A1l.2, respectively.)
This is the assumption used in the model part of
this paper.
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